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WAVE EQUATION WITH THREE-INVERSE SQUARE
POTENTIAL ON R3+
Yehdhih Mohamed Abdelhaye, Badahi Mohamed and Mohamed Vall Ould
Moustapha
Abstract In this note we give explicit solutions to the wave equation associated to the Schro¨dinger operator
with three-inverse square potential on R3+.
Key words : Three inverse square potential, Cauchy problem, Wave equation, Lauricella hypergeometric functions.
1 Introduction and statement of results
The wave equation, the heat equation and the Laplace equation are known as three fundamental equations in partial
differential equations and occur in many branches of physics, in applied mathematics and in engineering. In this note
we give explicit formulas for the solutions of the following Cauchy problem for the wave equation with three-inverse
square potential
(W )(ν,ν′,ν′′)
{
(a) [∆ + vν,ν′,ν′′ (x)]u(t, p) =
∂2
∂t2
u(t, p) (t, p) ∈ R× R3+
(b) u(0, p) = 0 ∂
∂t
u(0, p) = u1(p), u1 ∈ C∞0 (R3+)
with ∆ = ∂
2
∂x2
+ ∂
2
∂y2
+ ∂
2
∂z2
is the Laplacien of R3, the three inverse square potential is given by vν,ν′,ν′′ (x, y, z) =
1/4−ν2
x2
+
1/4−ν′2
y2
+
1/4−ν′′2
z2
where ν, ν′, ν′′ are real parameters. The Cauchy problem for the wave equation with
the inverse square potential in Euclidean space Rn is extensively studied (Cheeger and Taylor [3])). The bi-inverse
square potential has been considered by (Boyer [2])and Ould Moustapha [7]. The case considered most frequentely
is obviously the one where (ν, ν′, ν′′) = (±1/2,±1/2,±1/2), the equation in (W )ν,ν′ ,ν′′ then turns into the classical
wave equation on the Euclidean space R3 and this equation appears in several branches of mathematics and physics
(Folland [5], p.171). Now we state the main results of this paper:
Theorem A For (t, p, p′) ∈ R+ × R∗3+ × R∗3+ the functions:
W(b,b′,b′′)(t, p, p
′) = c3(xx
′)b(yy′)b
′
(zz′)b
′′
(t2−|p+p′|2)1+b+b
′+b′′
F
(3)
A
(
1 + b+ b′ + b′′, b, b′, b′′, 2b, 2b′, 2b′′, −4xx
′
t2−|p+p′|2
, −4yy
′
t2−|p+p′|2
, −4zz
′
t2−|p+p′|2
)
with b ∈ {β, 1−β}, b′ ∈ {β′, 1−β′}, b′′ ∈ {β′′, 1−β′′} are independent solutions of the wave equation with three-inverse
square potential on IR3+ (a) where β = 1/2+ν and β
′ = 1/2+ν′, β′′ = 1/2+ν′′ and F
(3)
A (a, b, b
′, b′′, c, c′, c′′;w,w′, w′′)
is the three variables triple series F
(3)
A Lauricella hypergeometric function given by [1], p.114
F
(3)
A
(
a, b, b′, b′′, c, c′, c′′, w,w′, w′′
)
=
∑
m,n,p≥0
(a)m+n+p(b)m(b′)n(b′′)p
(c)mm!(c′)nn!(c′′)pp!
wmw′nw′′p (1.1)
Theorem BThe Cauchy problem for the wave equation with three-inverse square potential on the IR3+ has the
solutions given by:
u(t, p) =
∂
t∂t
∫
|p+p′|<t
W(b,b′,b′′)(t, p, p
′)f(p′)dp′ (1.2)
where the kernel W(b,b′,b′′) is as in the Theorem A and the constant c3 is given by
c3 =
(−1)b+b′+b′′Γ(1/2 + b+ b′ + b′′)√
piΓ(1/2 + b)Γ(1/2 + b′)Γ(1/2 + b′′)
(1.3)
with dp′ = dx′dy′dz′ is the Lebesgue measure on R3
2 Wave equation with three-inverse square poten-
tial on Euclidean space R3
Proof of Theorem A
In what follows we give a direct proof of the theorem A.
1
Let a = t2 − |p+ p′|2, t ∈ R, p, p′ ∈ R∗3 set:
Ωϕ(t, p) = (xx′)−β (yy′)−β
′
(zz′)−β
′′
a−α×
[
∆− β(β − 1)
x2
− β
′(β′ − 1)
y2
− β
′′(β′′ − 1)
z2
− ∂
2
∂t2
] (
xx′
)β (
yy′
)β′ (
zz′
)β′′
aαϕ(t, x) (2.1)
then we have
Ωϕ(t, p) = {∆− ∂2
∂t2
+ [ 2β
x
− 4α(x+x′)
a
] ∂
∂x
+ [ 2β
′
y
− 4α(y+y′)
a
] ∂
∂y
+ [ 2β
′′
z
− 4α(z+z′)
a
] ∂
∂z
− 4αt
a
∂
∂t
−4α
a
[
βx′
x
+
β′y′
y
+
β′′z′
z
]− 4α
a
[α+ 1 + β + β′ + β′′]}ϕ(t, x) (2.2)
Now set
w =
−4xx′
t2 − |p+ p′|2 , w
′ =
−4yy′
t2 − |p+ p′|2 , w
′′ =
−4zz′
t2 − |p+ p′|2 (2.3)
we can write:
∂
∂x
=
∂w
∂x
∂
∂w
+
∂w′
∂x
∂
∂w′
+
∂w′′
∂x
∂
∂w′′
;
∂
∂y
=
∂w
∂y
∂
∂w
+
∂w′
∂y
∂
∂w′
+
∂w′′
∂y
∂
∂w′′
(2.4)
∂
∂z
=
∂w
∂z
∂
∂w
+
∂w′
∂z
∂
∂w′
+
∂w′′
∂z
∂
∂w′′
;
∂
∂t
=
∂w
∂t
∂
∂w
+
∂w′
∂t
∂
∂w′
+
∂w′′
∂t
∂
∂w′′
(2.5)
We have:
Ωϕ(t, p) =
[(
∂w
∂x
)2
+
(
∂w
∂y
)2
+
(
∂w
∂z
)2 − ( ∂w
∂t
)2]
∂2
∂w2
+
[(
∂w′
∂x
)2
+
(
∂w′
∂y
)2
+
(
∂w′
∂z
)2 − ( ∂w′
∂t
)2]
∂2
∂w′2
+
[(
∂w′′
∂x
)2
+
(
∂w′′
∂y
)2
+
(
∂w′′
∂z
)2 − ( ∂w′′
∂t
)2]
∂2
∂w′′2
+ 2
[
∂w
∂x
∂w′
∂x
+ ∂w
∂y
∂w′
∂y
+ ∂w
∂z
∂w′
∂z
− ∂w
∂t
∂w′
∂t
]
∂2
∂w∂w′
+ 2
[
∂w
∂x
∂w′′
∂x
+ ∂w
∂y
∂w′′
∂y
+ ∂w
∂z
∂w′′
∂z
− ∂w
∂t
∂w′′
∂t
]
∂2
∂w∂w′′
+ 2
[
∂w′
∂x
∂w′′
∂x
+ ∂w
′
∂y
∂w′′
∂y
+ ∂w
′
∂z
∂w′′
∂z
− ∂w′
∂t
∂w′′
∂t
]
∂2
∂w′∂w′′
+
[
∂2w
∂x2
+ ∂
2w
∂y2
+ ∂
2w
∂z2
− ∂2w
∂t2
]
∂
∂w
+ [ ∂
2w′
∂x2
+ ∂
2w′
∂y2
+ ∂
2w′
∂z2
− ∂2w′
∂t2
] ∂
∂w′
+ [ ∂
2w′′
∂x2
+ ∂
2w′′
∂y2
+ ∂
2w′′
∂z2
− ∂2w′′
∂t2
] ∂
∂w′′
+ [Ax
∂w
∂x
+ Ay
∂w
∂y
+Az
∂w
∂z
−At ∂w∂t ] ∂∂w + [Ax ∂w
′
∂x
+Ay
∂w′
∂y
+ Az
∂w′
∂z
−At ∂w′∂t ] ∂∂w′
+[Ax
∂w′′
∂x
+Ay
∂w′′
∂y
+Az
∂w′′
∂z
−At ∂w′′∂t ] ∂∂w′′ + 4αa [
βx′
x
+ β
′y′
y
+ β
′′z′
z
]+ 4α
a
[α+ 1 + β + β′ + β′′]ϕ(z, z′) (2.6)
where
Ax =
2β
x
− 4α(x + x
′)
a
,Ay =
2β′
y
− 4α(y + y
′)
a
, Az =
2β′′
z
− 4α(z + z
′)
a
,At =
4αt
a
(2.7)
We have:
∂w
∂x
=
−4x′a− 8(x+ x′)xx′
a2
;
∂w′
∂x
=
−8yy′(x+ x′)
a2
;
∂w′′
∂x
=
−8zz′(x+ x′)
a2
(2.8)
∂w
∂y
=
−8xx′(y + y′)
a2
;
∂w′
∂y
=
−4y′a− 8yy′(y + y′)
a2
;
∂w′′
∂y
=
−8zz′(y + y′)
a2
(2.9)
∂w
∂z
=
−8xx′(z + z′)
a2
;
∂w′
∂z
=
−8yy′(z + z′)
a2
;
∂w′′
∂z
=
−4z′a− 8zz′(z + z′)
a2
(2.10)
∂w
∂t
=
8xx′t
a2
;
∂w′
∂t
=
8yy′t
a2
,
∂w′′
∂t
=
8zz′t
a2
(2.11)
∂2w
∂x2
= −24xx
′a2−16x′2a2−32(x+x′)2xx′a
a4
; ∂
2w
∂y2
= −8yy
′a2−32xx′(y+y′)2a
a4
; ∂
2w
∂z2
= −8zz
′a2−32xx′(z+z′)2a
a4
(2.12)
∂2w′
∂x2
= −8xx
′a2−32yy′(x+x′)2a
a4
; ∂
2w′
∂y2
= −24yy
′a2−16y′2a2−32(y+y′)2yy′a
a4
; ∂
2w′
∂z2
= −8yy
′a2−32azz′(y+y′)2a
a4
(2.13)
∂2w′′
∂x2
=
−8xx′a2−32zz′(x+x′)2a
a4
; ∂
2w′′
∂y2
=
−8yy′a2−32zz′(y+y′)2a
a4
; ∂
2w′′
∂z2
=
−24zz′a2−16z′2a2−32(z+z′)2zz′a
a4
(2.14)
∂2w
∂t2
=
8xx′a2 − 32axx′t2
a4
;
∂2w′
∂t2
=
8yy′a2 − 32ayy′t2
a4
,
∂2w′′
∂t2
=
8zz′a2 − 32azz′t2
a4
(2.15)
from (2.8) − (2.11) we have
(
∂w
∂x
)2
+
(
∂w
∂y
)2
+
(
∂w
∂z
)2
−
(
∂w
∂t
)2
=
w2
x2
(1 −w) (2.16)
(
∂w′
∂x
)2
+
(
∂w′
∂y
)2
+
(
∂w′
∂z
)2
−
(
∂w′
∂t
)2
=
w′2
y2
(1− w′) (2.17)
2
(
∂w′′
∂x
)2
+
(
∂w′′
∂y
)2
+
(
∂w′′
∂z
)2
−
(
∂w′′
∂t
)2
=
w′′2
z2
(1 −w′′) (2.18)
2
[
∂w
∂x
∂w′
∂x
+
∂w
∂y
∂w′
∂y
+
∂w
∂z
∂w′
∂z
− ∂w
∂t
∂w′
∂t
]
=
w2
x2
w′ +
w′2
y2
w (2.19)
2
[
∂w
∂x
∂w′′
∂x
+
∂w
∂y
∂w′′
∂y
+
∂w
∂z
∂w′′
∂z
− ∂w
∂t
∂w′′
∂t
]
=
w2
x2
w′′ +
w′′2
z2
w (2.20)
2
[
∂w′
∂x
∂w′′
∂x
+
∂w′
∂y
∂w′′
∂y
+
∂w′
∂z
∂w′′
∂z
− ∂w
′
∂t
∂w′′
∂t
]
=
w′2
y2
w′′ +
w′′2
z2
w′ (2.21)
from (2.12) − (2.15) we have
∂2w
∂x2
+
∂2w
∂y2
+
∂2w
∂z2
− ∂
2w
∂t2
=
−w2
x2
+
2
a
w (2.22)
∂2w′
∂x2
+
∂2w′
∂y2
+
∂2w′
∂z2
− ∂
2w′
∂t2
=
−w′2
y2
+
2
a
w′ (2.23)
∂2w′′
∂x2
+
∂2w′′
∂y2
+
∂2w′′
∂z2
− ∂
2w′′
∂t2
=
−w′′2
z2
+
2
a
w′′ (2.24)
from (2.7)− (2.11) we have
Ax
∂w
∂x
+Ay
∂w
∂y
+Az
∂w
∂z
− At ∂w
∂t
=
4α+ 4(β + β′ + β′′)
a
w + 2β
w
x2
+ α
w2
x2
− βw
2
x2
+ (
β′w′
y2
+
β′′w′′
z2
)w (2.25)
Ax
∂w′
∂x
+Ay
∂w′
∂y
+ Az
∂w′
∂z
− At ∂w
′
∂t
=
4α + 4(β + β′ + β′′)
a
w′ + 2β
w′
y2
+ α
w′2
y2
− βw
′2
y2
+ (
βw
x2
+
β′′w′′
z2
)w′ (2.26)
Ax
∂w′′
∂x
+Ay
∂w′′
∂y
+Az
∂w′′
∂z
−At ∂w
′′
∂t
=
4α+ 4(β + β′ + β′′)
a
w′′+2β′′
w′′
z2
+α
w′′2
z2
−β′′w
′′2
z2
+(
βw
x2
+
β′w′
y2
)w′′ (2.27)
To replace in the formula (2.6) using the formulas (2.16) − (2.27) we get:
Ωϕ = wx−2Aα,β(w,w
′, w′′)ϕ +w′y−2Aα,β′(w
′, w,w′′)ϕ+ w′′z−2Aα,β′′(w
′′, w,w′)ϕ+
4
a
(α+ β + β′ + β′′ + 1)
[(
w
∂
∂w
+w′
∂
∂w′
+ w′′
∂
∂w′′
)
ϕ(w,w′, w′′)− ϕ(w,w′, w′′)
]
(2.28)
Take α = −1− β − β′ − β′′ we get Ωϕ = 0 is equivalent to
wx−2Aα,β(w,w
′, w′′)ϕ+ w′y−2Aα,β′(w
′, w,w′′)ϕ+ w′′z−2Aα,β′′(w
′′, w,w′)ϕ = 0 (2.29)
with
Aα,β(w,w
′, w′′)ϕ(w,w′, w′′) = [w(1−w) ∂2
∂w2
−w(w′ ∂2
∂w′∂w
+ w′′ ∂
2
∂w′′∂w
)+
+ [2β + (−α + β + 1)w] ∂
∂w
− β′w′ ∂
∂w′
− β′′w′′ ∂
∂w′′
+ αβ]ϕ(w,w′, w′′) (2.30)
From the formula (2.29) we have
Aα,β(w,w
′, w′′)ϕ(w,w′, w′′) = Aα,β′(w
′, w,w′′)ϕ(w,w′, w′′) = Aα,β′′(w,w
′, w)ϕ(w,w′, w′′) = 0 (2.31)
[w(1−w) ∂
2
∂w2
−w(w′ ∂
2
∂w′∂w
+ w′′
∂2
∂w′′∂w
) + [2β + (−α+ β + 1)w] ∂
∂w
− β′w′ ∂
∂w′
− β′′w′′ ∂
∂w′′
+ αβ]ϕ(w,w′, w′′) = 0,
[w′(1 −w′) ∂
2
∂w′2
−w′(w ∂
2
∂w∂w′
+w′′
∂2
∂w′′∂w′
) +
[
2β′ + (−α + β′ + 1)w′] ∂
∂w′
− βw ∂
∂w
− β′′w′′ ∂
∂w′′
+ αβ′]ϕ(w,w′, w′′) = 0,
[w′′(1− w′′) ∂
2
∂w′′2
− w′′(w′ ∂
2
∂w′′∂w′
+w
∂2
∂w′′∂w
) +
[
2β′′ + (−α+ β′′ + 1)w′′] ∂
∂w′′
− βw ∂
∂w
− β′w′ ∂
∂w′
+ αβ′′]ϕ(w,w′, w′′) = 0,
This is an F
(3)
A three variable Laurichella hypergeometric system and for 2β 6= 1 and 2β′ 6= 1 2β′′ 6= 1 the system has
six independent solutions of the form [4], p.150− 151:
• F (3)A (−α, β, β′, β′′, 2β, 2β′, 2β′′, w,w′, w′′),
• w1−2βF (3)A (−α+ 1− 2β, 1− β, β′, β′′, 2− 2β, 2β′, 2β′′, w,w′, w′′),
3
• w′1−2β′F (3)A (−α + 1− 2β′, β, 1− β′, β′′, 2β, 1− 2β′, 2β′′, w,w′, w′′),
• w′′1−2β′′F (3)A (−α+ 1− 2β′′, β, β′, 1− β′′, 2β, 2β′, 2− 2β′′, w,w′, w′′),
• w1−2βw′1−2β′F (3)A (−α+ 2− 2β − 2β′, 1− β, 1− β′, β′′, 2− 2β, 2− 2β′, 2β′′, w,w′, w′′),
• w1−2βw′′1−2β′′F (3)A (−α+ 2− 2β − 2β′′, 1− β, β′, 1− β′′, 2− 2β, 2β′, 2− 2β′′, w,w′, w′′),
• w′1−2βw′′1−2βF (3)A (−α+ 2− 2β′ − 2β′′, β, 1− β′, 1− β′′, 2β, 2− 2β′, 2− 2β′′, w,w′, w′′),
• w1−2βw′1−2βw′′1−2βF (3)A (−α+ 3− 2β − 2β′ − 2β′′, 1− β, 1− β′, 1− β′′, 2− 2β, 2− 2β′, 2− 2β′′, w,w′, w′′)
And the proof of the theorem 1.1 is finished.
3 Cauchy problem for the wave equation with the
three-inverse square potential on R3+
Proof of the Theorem B
Lemma 3.1 Let F
(3)
A be the Appell hypergeometric function with (h, k, l) ∈ R3 and a ∈ R∗ then we have:
i)
d
da
[
aαF
(3)
A (−α, β, β′, β′′, 2β, 2β′, 2β′′, h/a, k/a, l/a)
]
= −αaα−1×
F
(3)
A
(−α+ 1, β, β′, β′′, 2β, 2β′, 2β′′, h/a, k/a, l/a) (3.1)
ii)
aαΓ(−α)F (3)A (−α, β, β′, β′′, 2β, 2β′, 2β′′, h/a, k/a, l/a) = Γ(β + 1/2)Γ(β′ + 1/2)Γ(β′′ + 1/2)×
∫ ∞
0
e−(a−h/2−k/2−l/2)tt−α−1
(
th
4
)1/2−β ( tk
4
)1/2−β′ ( tk
4
)1/2−β′′
×
Iβ−1/2(th/2)Iβ′−1/2(tk/2)Iβ′′−1/2(tl/2)dt, (3.2)
iii)
aαΓ(−α)F (3)A (−α, β, β′, β′′γ, γ′, γ′′, h/a, k/a, l/a) ∼
Γ(−β − β′ − β′′ − α)Γ(2β)
Γ(β)
Γ(2β′)
Γ(β′)
Γ(2β′′)
Γ(β′′)
h−βk−β
′
l−β
′′
(a− h− k − l)α+β+β′+β′′+ (3.3)
as a→ 0. .
Proof
i) is a consequence of the formulas
aαF
(3)
A (−α, β, β′, β′′, γ, γ′, γ′′, h/a, k/a, l/a) =
∑
m,n,p≥0
(−α)m+n+p(β)m(β′)n(β′′)p
(γ)mm!(γ′)nn!(γ′′)pp!
hmknlpa−m−n−p+α (3.4)
d
da
[aαF
(3)
A ] (−α, β, β′, β′′, γ, γ′, γ′′, h/a, k/a, l/h)] = −αaα−1×
∑
m,n,p≥0
(−α+ 1)m+n+p(β)m(β′)n(β′′)p
(γ)m(γ′)n(γ′′)pm!n!p!
hmknlpa−m−n−p (3.5)
d
da
[aαF
(3)
A ] (−α, β, β′, γ, γ′, γ′′, h/a, k/a, l/a)] = −αaα−1×
FA
(−α+ 1, β, β′, β′′, γ, γ′, γ′′, h/a, k/a, l/a) (3.6)
4
To prove ii) we use the formulas([8], p.237)
Iν(z) =
2z)νe−z√
piΓ(ν + 1/2)
∫ 1
0
e2zt [t(1 − t)]ν−1/2 dt (3.7)
where α ∈ C, β, γ, z ∈ Rn [1], p.115
F
(3)
A (α, β, γ, z) = c
∫ 1
0
∫ 1
0
∫ 1
0
j=3∏
j=1
(1− uj)γj−βj−1uβj−1j

1− j=3∑
j=1
ujzj


−α
duj (3.8)
where
c =
∏j=3
j=1 Γ(γj )∏j=3
j=1 Γ(βj)Γ(γj − βj)
(3.9)
iii) The Proof of iii) uses ii) and the formula ([8], p.240)
Iβj−1/2(x) =
Γ(2βj)
Γ(βj)Γ(βj + 1/2)
2−2βj+1/2x−1/2
(
1 +O(|x|−1)) (3.10)
To finish the proof of the theorem 1.2, we prove the limit conditions in (b): from iii) of the Lemma 2.1 and the
Legendre duplication formula for the Γ-Euler function [6], p.3
22z−1Γ(z)Γ(z + 1/2) =
√
piΓ(2z). (3.11)
we have For t −→ 0 and p, p′ ∈ R∗+3
WR
3
(b,b′,b′′)(t, p, p
′) ∼ c31{|p−p′|<t}. (3.12)
The polar coordinates p′ = p+ rω for t −→ 0
u(t, p) ∼ c3 ∂
t∂t
∫
R∗3
1{|p−p′|<t}f(p
′)dp′ (3.13)
u(t, p) ∼ c3 ∂
t∂t
∫ t
0
f#p (r)r
2dr (3.14)
f#p (r) =
1
6
∫
S2
f(p + rω)dω (3.15)
set r = st in the expression above and we see that the limit condition (b) is satisfied and the proof of the theorem B
is finished.
References
[1] P. Appell, Kampe de Feriet, Fonctions Hypergeometriques et Hyper- spheriques, Polynome d Hermite,
Gauthier-Villars, Paris (1926).
[2] C.P. Boyer, Lie theory and separation of variables for the equation iUt+( ∂
2
∂x2
1
+ ∂
2
∂x2
2
)U == 0, SIAM J. Math.
Anal., 7 (1976), 230-263.
[3] Cheeger, J.,Taylor, M. On the diffraction of waves by canonical singularites I, Comm. Pure Appl. Math.
35(3) : 275 − 331, 1982.
[4] Exton H., Multiples hypergeometric functions and Applications, Ellis Horwood Chichester 1976.
[5] Folland G. B., Introduction to partial differential equations, Princeton university press, Princeton N. J. 1976.
[6] Magnus F., Oberhettinger and Soni R. P., Formulas and Theorems for special functions of Mathematical
Physics, Third enlarged edition, Springer-Verlag Berlin Heidelberg New York (1966).
[7] M.V. Ould Moustapha, The heat, resolvent and wave kernels with biinverse square potential on the Euclidian
plane, Int. Journ. Appl. Math. 27, No 2 (2014), 127-136.
5
[8] N.M. Temme, Special Functions. An Introduction to the Classical Func- tions of Mathematical Physics, John
Wiley and Sons, Inc., New York- Singapore (1996).
Department of Mathematics
College of Arts and Sciences at Al Qurayat
Al-Jouf University Kingdom of Saudi Arabia
and
De´partement de Mathe´matiques et Informatique
Faculte´ des Sciences et Techniques
Universite´ de Nouakchott Al-Aasriya
Nouakchott-Mauritanie
Email: mohamedvall.ouldmoustapha230@gmail.com
6
